We consider (for the first time) the ratios of doubly heavy baryon masses (spin 3/2 over spin 1/2 and SU(3) mass-splittings) using double ratios of sum rules (DRSR), which are more accurate than the usual simple ratios often used in the literature for getting the hadron masses. In general, our results agree and compete in precision with potential model predictions. In our approach, the α s corrections induced by the anomalous dimensions of the correlators are the main sources of the Ξ * QQ − Ξ QQ mass-splittings, which seem to indicate a 1/M Q behaviour and can only allow the electromagnetic decay Ξ * QQ → Ξ QQ + γ but not to Ξ QQ + π. Our results also show that the SU(3) mass-splittings are (almost) independent of the spin of the baryons and behave approximately like 1/M Q , which could be understood from the QCD expressions of the corresponding two-point correlator. Our results can improved by including radiative corrections to the SU(3) breaking terms and can be tested, in the near future, at Tevatron and LHCb.
Introduction
In a previous paper [1] , we have considered, using double ratios [2] [3] [4] [5] [6] of QCD spectral sum rules (QSSR) [7, 8] (DRSR), the splittings due to SU(3) breakings of the baryons made with one heavy quark. In this paper, we pursue this project in the case of doubly heavy baryons. The absolute values of the doubly heavy baryon masses of spin 1/2 (Ξ QQ ≡ QQu) and spin 3/2 (Ξ * QQ ≡ QQu) have been obtained using QCD spectral sum rules (QSSR) (for the first time) in [9] with the results in GeV: 
and in [10] :
M Ξ bcu = 6.86 (28) .
More recently [11, 12] , some results have been obtained using some particular choices of the interpolating currents. The predictions for M Ξ * cc and M Ξ cc are in good agreement with the experimental candidate M Ξ cc = 3518.9 [13] . We shall also improve these previous predictions by working with the DRSR for estimating the mass ratio of the 3/2 over the 1/2 baryons and shall compare them with some potential model predictions [10, [14] [15] [16] .
where q ≡ d, s are light quark fields, Q ≡ c, b are heavy quark fields, b is a priori an arbitrary mixing parameter. Using the b-stability criterion of the QSSR results for the masses and couplings, the optimal values of these observables have been found for:
in the case of light baryons [17] and in the range [1, [18] [19] [20] :
for non-strange heavy baryons . The corresponding two-point correlator reads:
where 2 :q ≡ / q. The invariants F j ( j = 1, 2) obey the dispersion relation:
where . . . indicate subtraction constants and −q 2 ≡ Q 2 > 0. For the spin 3/2 QQq baryons , we also follow Ref. [9] and work with the interpolating currents:
Form of the sum rules and QCD inputs
We shall work with the exponential sum rules [7, 24, 25] :
(τ ≡ 1/M 2 is the sum rule variable) from which, one can derive the following ratios:
used in the sum rule literature for extracting the baryon masses.
We parametrize the spectral function using the standard duality ansatz: "one resonance"+ "QCD continuum". The QCD continuum starts from a threshold t c and comes from the discontinuity of the QCD diagrams, which is consistent with a matching of the QCD and the experimental sides of the sum rules for large t. The value of t c is not arbitrary as its value obtained inside the region of t c -stablity of the sum rule is correlated to the ground state mass and coupling [21] . This simple duality model has been successfully tested in the literature when a complete data for the spectral functions are available, like e.g., e + e − to I=1 hadrons or to charmonium data [8] 3 . Transferring the QCD continuum contribution to the QCD side of the sum rules, one obtains the finite energy inverse Laplace sum rules:
where λ B ( * ) q and M B ( * ) q are the heavy baryon residue and mass from which one can derive the FESR analogue of the ratios of sum rules. Consistently, we also take into account the SU(3) breaking at the continuum threshold 4 :
m s is the running strange quark mass. As we do an expansion in m s , we take the threshold t q = 4m 2 Q for consistency. m Q is the heavy quark mass, which we shall take in the range covered by the running and on-shell mass (see Table 1 ) because of its ambiguous definition when working to LO. At the τ-stability point of the FESR analogue of the ratios of sum rules, one obtains:
These predictions lead to a typical uncertainty of 10-15% [9, 19, 20] , which are not competitive compared with predictions from some other approaches, especially from potential models [14] . In order to improve the QSSR predictions, we work with the double ratios of finite energy sum rules (DRSR) 5 :
which take directly into account the SU(3) breaking effects. These quantities are obviously less sensitive to the choice of the heavy quark masses and to the value of the continuum threshold than the simple ratios R i and R 21 6 . For the numerical analysis we shall introduce the RGI quantitiesμ andm q [26] :
where
is the first coefficient of the β function for n flavours. We have used the quark mass and condensate anomalous dimensions reviewed in [8] . We shall use the QCD parameters in Table 1 : -We shall not include the 1/q 2 term discussed in [27, 28] ,which is consistent with the LO approximation used here as the latter has been motivated for a phenomenological parametrization of the larger order terms of the QCD series.
-We have used the value of κ ≡ ss / d d from [1] which we consider as improvements of the ones from light meson systems [8, [29] [30] [31] , where the one from the scalar channel suffers from the unknown nature of the κ meson, while the one from the pseudoscalar channel depends on the theoretical appreciation of the π ′ meson contribution into the spectral function [8, 22] . However, the different estimates agree each others within the errors. To be conservative, we have multiplied the original error in [1] by 2. -For the gluon condensate, we have used the estimate from heavy quarkonia and e + e − data [21, 24, [32] [33] [34] [35] [36] [37] . We do not expect that the estimate from τ-decays is reliable as its contribution acquires an extra-α s term in the τ width compared 5 Analogous DRSR quantities have been used successfully (for the first time) in [3] for studying the mass ratio of the 0 ++ /0 −+ and 1 ++ /1 −− B-mesons, in [4] for extracting f Bs / f B , in [5] for estimating the D → K/D → π semi-leptonic form factors and in [6] for extracting the strange quark mass from the e + e − → I = 1, 0 data. 6 One may also work with the double ratio of moments M n based on different derivatives at q 2 = 0 [3] . However, in this case the OPE is expressed as an expansion in 1/m Q , which for a LO expression of the QCD correlator is more affected by the definition of the heavy quark mass to be used.
to the one in the two-point correlator [38] , while its value, in this process, can also be affected by the treatments of the large order PT series [27, 32] . However, the effect of the gluon condensate is not important in our analysis of the SU(3) breaking as it disappears like some other flavour-independent contributions in the DRSR. -For the heavy quark masses, we use the range spanned by the running MS mass m Q (M Q ) and the on-shell mass from QSSR compiled in page 602, 603 of the book in [8] . Table 1 Parameters Values Ref. Table 1 .
We extract the mass ratio using the DRSR analogue of the one in Eq. (18) which we denote by:
where the upper indices 3 and 1 correspond respectively to the spin 3/2 and 1/2 channels. We use the QCD expressions of the two-point correlators given by [9] which we have checked. We notice like [9] that the mixed quark condensate contribution has a term which behaves like 1/v 3 (where v is the heavy quark velocity), which signals a coulombic correction and would require a complete treatment of the non-relativistic coulombic corrections which is beyond the aim of this paper. Therefore, in our analysis, we truncate the QCD series at the dimension-4 condensates until which we have calculated the m s corrections. We shall only include the effect of the mixed condensate (if necessary) for controlling the accuracy of the approach or for improving the τ or/and t c stability of the analysis.
T he charm quark channel to lowest order in α s
Fixing τ = 0.8 GeV −2 and t c = 25 GeV 2 , which are inside the τ-and t c -stability regions (see Figs. 2 and 3 ), we show in Fig. 1 
which are inside the range given in Eq. (5). For definiteness, we fix b = −0.35 (the other value b = 0.2 gives the same result) and study the τ-dependence of the result in Fig. 2 . We have checked in Fig. 2b that the inclusion of the mixed condensate contribution does not affect the result from r t c -dependence of the DRSR and then on the non-sensitivity of the results on the exact form of the QCD continuum including an eventual slight t-dependence of t c advocated in [23] . In these figures, we have used m c = 1.26 GeV. We have also checked that the results are insensitve to the change of the charm mass to m c = 1.47 GeV. From these previous analysis, we deduce to lowest order from r
The tiny error is the quadratic sum due to α s G 2 , m c and α s .
T he bottom quark channel to lowest order in α s
We extend the analysis to the case of the bottom quark. The corresponding curves are qualitatively similar to the charm quark one. We take b = −0.35 like in the case of the charm quark. The τ-stability is reached for τ ≥ 0.6 GeV −2 as shown in Fig. 4 , where we also see that r 3/1 12 is more affected by the mixed condensate contributions than r 3/1 i . Therefore, we shall eliminate it from our choice. Another argument raised later about the radiative corrections does not also favour r 3/1 12 . In Fig. 4 , we study the t c -stability of r 3/1 i which is reached for t c ≥ 95 GeV 2 . Within these optimal conditions, one deduces from r 3/1 i to lowest order:
Ē stimate of the O(α s ) corrections Radiative corrections due to α s are known to be large in the baryon two-point correlators [17, 41] . However, one can easily inspect that in the simple ratios R 3 i and R 1 i these huge corrections cancel out, while its only remain the one induced by the anomalous dimension of the baryon operators. Including the anomalous dimension γ= 2(resp -2/3) for the spin 1/2 (resp 3/2) baryons [17] , one can generically write the PT expressions of the moment sum rule defined in Eq. (13) to leading order in t/m 2 Q , which is a crude approximation but very informative:
where β 1 is the first coefficient of the β-function; A i is a known LO expression; K i is the radiative correction which is known in some cases of light and heavy baryons [17, 41] . From the previous expression in Eq. (24), one can derive the ratio of sum rules defined in Eq. (14) and then the DRSR in Eq. (18): It is important to notice for r 3/1 i that the radiative correction has been only induced by the ones due to the anomalous dimensions, while the one due to K i cancels out to this order. This is not the case of r 3/1 12 where the radiative correction is only due to K 2 − K 1 and needs to be evaluated which is beyond the aim of this letter. Therefore, in the following, we shall only consider the results from r 3/1 i . In our numerical analysis, we shall include the α s correction into the complete LO expressions of the correlators. We show the τ-dependence of the DRSR in Fig. 6 . We shall take the range of τ-values where the LO expressions have τ-stability which is (0.7-1) GeV −2 for charm and (0.5-0.8) GeV −2 for bottom (see Figs. 2 and 4) . One can also notice that the NLO DRSR for charm presents a τ-extremum in the above range (0.7-1) GeV −2 of τ rendering its prediction more reliable than for the bottom channel case. We can deduce :
This would correspond to the mass-splittings (in units of MeV):
if one uses the experimental value 3.52 GeV of the Ξ cc mass which agrees with the QSSR prediction in Eq. (1). For the Ξ bb mass, we have used the central value 9.94 GeV in Eq. (1) . The ccq mass-splitting is comparable with the one of about 70 MeV from potential models [10, 14] but larger than the one of about 24 MeV obtained in [16] . The bbq mass-splitting also agrees with potential models and seems to indicate a 1/M b behaviour which is also seen on the lattice [42] . Our result excludes the possibility that M Ξ * QQ ≥ M Ξ QQ + m π , indicating that it can only decay electromagnetically:
A future discovery of the Ξ * cc and Ξ * bb can infirm or support our predictions given to that order of QCD perturbative series. We consider the previous results as an improvement of the former ones deduced from the mass values in Eq. (1) obtained by [9] :
The Ω QQ /Ξ QQ mass ratio
We use the DRSR in Eq. (18) can be obtained from the one of the two-point correlator in [9] and the new quark mass corrections in Eq. (10) . One can also deduce from Eq. (24) that the light-flavour independent radiative corrections including the one due to the anomalous dimensions disappear in the SU(3) breaking DRSR, while the most relevant radiative corrections are the one corresponding to the m s and ss terms which are beyond the scope of the LO analysis in this paper. We show in Fig. 7a among the three. We see that the most stable result is given by r sd 1 (cc). We show in Fig. 7b the t c -behaviour of r sd 1 (cc) for a given τ = 1 GeV −2 . We deduce from the previous analysis:
where the sub-indices indicate the different sources of errors (the parameters not mentioned induce negligible errors). This ratio corresponds to :
where we have taken the experimental value M Ξ cc ≃ 3.52 GeV from [13] . The errors induced by the other parameters in Table  1 are negligible. We perform an analogous analysis in the bchannel, which we show in Fig. 8 . In this case, we obtain:
which corresponds to:
when we take the value M Ξ bb ≃ 9.94 GeV from [9] . Our results indicate an approximate decrease like 1/m Q of the mass splittings from the c to the b quark channels. This behaviour can be qualitatively understood from the QCD expressions of the corresponding correlator, where the m s corrections enter like m s /m Q , and which can be checked using some alternative methods.
7.
The Ω * QQ /Ξ * QQ
mass ratio
We pursue our analysis for the spin 3/2 baryons. The QCD expression of the ratios of moments can be obtained from the ones of the two-point correlator in [9] and the new mass corrections given in Eq. (11) . Including the contributions of the dimension-4 condensates, we show your analysis in Fig. 9 . One can see in given τ. We deduce at the stability regions:
where the errors coming from other parameters thanss are negligible. This implies:
where we have used M Ξ * cc ≃ 3.58 GeV from Eq. (31) and the experimental value of M Ξ cc . We show in Fig. 10 the analogous analysis for the bottom channel. We deduce:
where the error is again mainly due to ss , the others being negligible. This implies:
6 where we have used M Ξ * bb ≃ 9.96 GeV using our prediction in the previous section. This result agrees with the potential model one of about 60 MeV given in [10] . Again like in the case of spin 1/2 baryons, the SU(3) mass-differences appears to behave like the inverse of the heavy quark masses, which can be inspected from the QCD expressions of the two-point correlator. One can also observe that the mass-splittings are almost the same for the spin 1/2 and spin 3/2 baryons. The Ξ(bc) and the Ω(bc) spin 1/2 baryons can be described by the corresponding currents:
where d, s are light quark fields, c, b are heavy quark fields and k is a priori an arbitrary mixing parameter. The expression of the corresponding two-point correlator has been obtained in the chiral limit m d = m s = 0 by Refs. [9, 10] . We have checked these expressions which we complete here by adding the m scorrections for the PT and quark condensate contributions. The expressions of these corrections are:
where:
Like in previous sections, we study the different ratios of moments in Figs. 11 and 12. As one can see in Fig. 11a , r sd 1 (bc) and r sd 2 (bc) are quite stable in k and present common solutions for :
inside the range given in Eq. (5), while r sd 12 (bc) does not intersect with the other DRSR. The τ and t c behaviours given in Fig.  12a ,b are also very stable from which we deduce the DRSR:
where the errors coming from other parameters are negligible. This implies:
where we have used the QSSR central value M Ξ bc ≃ 6.86 GeV in Eq. (2) . The size of the mass-splitting can be compared with the potential model prediction about (70-89) MeV given in [10, 15] . 
Conclusions
Our different results are summarized in Table 2 and agree in most cases with the potential model predictions given in [10, 14] : -The mass-splittings between the spin 3/2 and 1/2 baryons, derived in Eqs. (22) and (23) is essentially due to the radiative corrections in our approach and seems to behave like 1/M Q . -For the SU(3) mass-splittings, our results, derived in Eqs. (31) and (33) for the spin 1/2 and in Eqs. (35) and (37) for the spin 3/2, indicate that the splittings due to the SU(3) breaking are almost independent on the spin of the heavy baryons but approximately behave like 1/M Q . These mass-behaviours can be qualitatively understood from the QCD expressions of the corresponding correlators where the leading mass corrections behave like m s /m Q . -Finally, we obtain, in Eq. (44), the SU(3) mass-splittings between the Ω(bcs) and Ξ(bcd), which is about 1/2 of the potential model prediction. Our previous predictions can improved by including radiative corrections to the SU(3) breaking terms and can be tested, in the near future, at Tevatron and LHCb.
